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Abstract

Let G and H be two simple, nontrivial and undirected graphs. Let o be a vertex of H, the comb
product between G and H, denoted by G2 H, is a graph attained by taking one copy of G and |V(G)|
copies of H and grafting the i copy of H at the vertex o to the i vertex of G. A set of vertices S of a
graph G is a geodetic set, if all the vertex of graph G lies in at least one interval between the vertices
of S. The minimum cardinality of the geodetic set in G is the geodetic number of g(G). In this paper,
we determine an exact value of geodetic number in comb product of graphs.

1. Introduction

By a simple and connected graph G = (V, E), we further assume that G has noisolated vertices. For
graph theoretic terminology we refer to Chartrand and Lesniak [8].

The notions of distance in graphs is a well-studied topic with several practical applications. For any
two vertices u and v of a connected graph G, the distanceds(u, V) is thelength of a shortest « — v path
in G. The eccentricity of a vertex u of a graph G is themaximum distance between u and any other
vertex of G. The diameter of G, denoted bydiam(G), is the maximum eccentricity of vertices in G,
and the radius is the minimum sucheccentricity. The intervallg[u, v] between u and v is the set of all
vertices on all shortestu — v paths. Given a set S €V (G), its geodetic closurelg[S] is the set of all
vertices lyingon some shortest path joining two vertices of S; that is,

IG[S] = {V eV (G) SV E IG[X’ y]1 X,y GS} :Ux,yes Ig [X' y]

A set S €V(G) is called a geodetic set in G if I[S] = V(G); that is, every vertex in Glies on some
geodesic between two vertices from S. The geodetic numberg(G) of a graph Gis the minimum
cardinality of a geodetic set in G.

In chemistry [1], some families of chemicalgraphs can be measured as the comb product graphs. Let
G and H be two connected graphs.Let o be a vertex of H. The comb product between G and H,
denoted by G 2~ H, is a graphobtained by taking one copy of G and |V (G)| copies of H and identify
the i""copy of H atthe vertex o with the i vertex of G. By the definition of comb product, we can say
thatV(G > H) = (a, v)]a € V(G), v € V(H) and (a,v)(b,w) € E(G » H) whenever a = b andvwe E(H),
or abe E(G) and v=w=0. We consider two different vertices a,b& V(G)and a vertex 0eV(H). We
define H(a) = (a, v)[v €V (H), G(0) = (v, 0)[v €V (G), andPg(a, b) is the shortest path from a to b in
G.

We find main results. The first result is related to G 2~ H when G is a connectedgraph and H is the
classes of graphs such as Path, Cycle, Completed Graph, Trees andWheel Graph. In the literature, the
problem of the geodetic number of a graph was initiatedby Harary, Loukakis, andTsouros in 1986
and their result appeared as a published paper in1993[10]. We collect the basic definitions in graphs
and geodetic sets which are used in thesubsequent chapters; for graph theoretic terminology we refer
to the Chartrand and Lesniak[8] few basic results on the geodetic number of cartesian and strong
product of graphs.These results are in Bresar et al. [3] and in Caceres et al. [5]

Lemma 1.1. [6] Every geodetic set of a graph contains its extreme vertices.
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Lemma 1.2. [9] Let deg : V(A) — V(B) be an isomorphism between graphs A and B.The set S is a
geodetic set of A if and only if deg(x)|x €S is a geodetic set of B
Lemma 1.3. [9] Let 0 € V(H) be the identifying vertex and u, v be two distinct vertices of G > H.
Forl €1,2,..,nifué&Viandv &V, then every u — v path in G > Hconsists of (gi, 0).

Lemma 1.4. [9] Let 0 €V (H) be the identifying vertex and S be a geodetic set of G 2~ H. Then for |
€12 .. n (SNN) U@, ho) is ageodetic set of G SH[VI].

2. Geodetic Number for Comb product of graph

Let Cp = G £ H. Let V(G) = {ug, Uz, U3, ..., Um} and V(Pn)={v1, V2, V3, ..., Vn}. Fromthe definition of
the Comb product of graphs V(G & H) =(a, v)|]a € V(G), v € V(H) and(a, v)(b, w)e E(G > H)
whenever a = b and vwe E(H), or abeE(G) and v =w = 0.

We consider two different vertices a, b €V(G) and a vertex o € V(H). We define H(a) = (a, v)[v €
V(H), G(0) = (v, 0)]v € V(G), and Pg(a, b) is the shortest path fromato b in G.

Lemma2.1. Let Cp = G /> H and let S € V(G), if any vertex of S is identifying inV(H) then Ig[S] =
V(G > H)

Proof. Let Cp, =G A~ Hand let S € V(G), let us assume that {u, v, w} €S by taking the comb product
of V(G 2 H)=(a,v)|la €V (G), v €V(H) and (a,v)(b,w) € E(G &> H) whenever a = b and vwé& E(H),
or ab € E(G) and v=w=0. We consider two different vertices a, b €V(G) and a vertex o € V(H). We
define H(a) = (a, v)|v € V (H), G(0) = (v, 0)|]v € V(G), and Pg(a, b) is the shortest path from a to b in
G. So that V(H) is an interior vertex of a shortest path between a vertex of S.

We obtain four main results. The first result is related to G 2~ Hwhen G is a connected graph and H
is the family of graphs such as Path, Cycle, Completed Graph, Trees and Wheel Graph.

3. Geodetic Number for Comb product of graph Gand H
Theorem3.1. (G /SPn) = m where m, n > 2
Proof. Let Cp = G /Py and let V(G) = {uy, Uy, ..., um} and V(Pn)={v1, V2, ..., Vn},let us assume that v;
and vj be a pendent vertices. Then we know that S = {vi, v; }. Bythe definition of comb product we
can identifying V(G) copies of H. Let us take v; is anidentifying vertex of all the copies. Then the
resultant graph gives V(G) copies of pendentvertices. Already we know that all the pendent vertices
should be belongs to a geodetic set.By the Lemma 2.1 V(G) copies of pendent vertices is geodetic
closure of V(Pn).
Therefore| S |=m

if nis even

Theorem3.2. g(G £Chn) { +1 if nisodd’

Proof. Let Cp = G £2Chand let V(G) = {uy, Uy, ..., um} and V(Cyn) = {vs, v2, ..., Vn}

Casei: If niseven

Let us assume that H is an even cycle then the geodetic set of H is S={v1, vn}. Bythe definition of
2

where m, n > 3

comb product we can identifying V(G) copies of Cn. Let us take v: is anidentifying vertex of all the
copies. Then the resultant graph gives V(G) copies of vn vertexin G />Cn. Already we know that

vertex ve is center of the graph Cnso that the shortest pathbetween the V(G) copies of ve is geodetic

closure of V(Cn). Therefore | S |<m.
We claim that | S | > m, Suppose We assume that /S — ve } is geodetic set inG ~C,, and ve ath

copy V(G) then that i copy intermediate vertices are does not belongsto the geodetic closure |G IS

cn[S] by the definition of the geodetic set it is a contradiction. So| S | > g(Cn).m —m.

Therefore g(G 2~ Cn) =m

Case ii: If nis odd

Let us assume that H is an odd cycle then the geodetic set of H isS={vi,vn,vn_, }. Bythe definition of
2 2

comb product we can identifying V(G) copies of H. Let us take vi is anidentifying vertex of all the
copies. Then the resultant graph gives V(G) copies of {vn,vn_, }vertex in G 2 Cy. Already we know
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that vertex shortest path between (vn vn +1) geodeticcloser Cp, so that the shortest path between the

V(G) copies of (vn ‘Un +1) Is geodetic closureof V(Cy). Therefore |S| <m+1
We claim that | S | > m+1, Suppose We assume that /S — vn} IS geodetic set inG 2> Cp, and vn gt

copy V(G) then that i" copy intermediate vertices are does not belongsto the geodetic closure |G IS
cn[S], similarlyfor{/S — vn_, }thereforeby the definition of the geodetic set it is a contradiction. So| S |
2

>m+1. Therefore g(G &> Cn) = m+1

Theorem3.3. g(G £Kn) = m.g(Kn) — m, where m, n > 3

Proof. Let Cp =G /Knand let V(G)={uy,uz,..., um} and V(Kn)={v1,v2,..., va},we know that S €V (G), S
= {v1, V2, ..., Vn} By the definition of comb product we canidentifying V(G) copies of K,. Let us take
vi is an identifying vertex of all the copies. Thenthe resultant graph gives V(G) copies of {S/vi}.
Already we know that distance betweenany vertexes is 1 so that the Lemma 2.1 V(G) copies of {S/v1}
vertices is geodetic closure ofV(K).

Therefore |S |< g(Kn).m — m.We claim that | S | > g(Kn).m — m, Suppose We assume that {S —w} is
geodetic set inG £Kn, and w&™ copy V(G) then that i copy intermediate vertices are does not
belongsto the geodetic closure lc~kn[S] by the definition of the geodetic set it is a contradiction. So|
S | > g(Kn).m — m. Therefore g(G £>Kn) = m.g(Kn) — m

Theorem3.4. g(G PW1,n)= m.g(W1n) — m, where m, n >4

Proof. Let Cp = G 2> Wy and let V(G) = {us, Uz, ..., um} and V(Wz,n) = {vi, Vo, ..., Va},we know that S
€V (G), S = {vy, v3, Vs..., V,—1} By the definition of comb product we canidentifying V(G) copies of
Wi n. Let us take vi is an identifying vertex of all the copies. Thenthe resultant graph gives V(G)
copies of {S/v1}. Already we know that in the Wheel graph distance betweenany vertex is 2 so that
the Lemma 2.1 V(G) copies of {S/vi} vertices is geodetic closure ofV/(Win). Therefore | S |<
g(Win).m — m

We claim that | S | > g(W1n).m — m, Suppose We assume that k &€ Sina geodetic set. Consider {S — k}
is geodetic set inG SWi,n, and k&i™ copy V(G) then that i copy intermediate vertices are does not
belongsto the geodetic closure Ic>W1,n[S].By the definition of the geodetic set it is a contradiction.
So| S| =g(Win).m — m

Therefore g(G £ W1,n) = m.g(Win) — m

Theorem3.5. g(G £2Tn)= m.g(px) — m, where m, n > 4 and piis a set of all pendent vertices of Ty
Proof. Let Cp = G /STn and let V(G) = {uy, Uy, ..., Um} and V(Tn) = {v1, V2, ..., Vn},we know that S €V
(G), S = {p1,p2,p3,... ;. Where {p1,p2,ps,...}.Pendent vertices of the Tree. By the definition of comb
product we can identifying V(G) copies of Tn. Let us take v is an identifying vertex of all the copies.
Thenthe resultant graph gives V(G) copies of {S/vi}. Already we know that in a tree there exist
unique path between any pair of vertices then the Lemma 2.1 V(G) copies of {S/vi} vertices is
geodetic closure of V(Tn). Therefore | S |<g(px).m — m

We claim that | S | > g(px).m — m, Suppose We assume that pk-1 € Sina geodetic set. Consider {S —p«-
1} is geodetic set inG STy, and pk-1 &M copy V(G) then that it copy intermediate vertices are does not
belongsto the geodetic closure lc»m[S].By the definition of the geodetic set it is a contradiction. So|
S| = g(p.m —m

Therefore g(G £~Tn)= m.g(pk) — m.

From the previous theorems we obtained the following corollary for Comb Product of any graph G
and H

Corollary 3.6. (G PH) = m.g(H) — m, where m, n > 2
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